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PREFACE 



Mathematics is such a vast and rapidly expanding field of study thai there 
are inevitably many important and fascinating aspecte of the subject which, 
though vithin the grasp of secondary school students, do not find a place in the 
curriculum simply because of a lack of time. 

Many classes and individual students, however, may find time to pursue 
mathematical topics of special interest to them. This series of pamphlets, 
whose production is sponsored by the School Mathematics Study Grou|v is designed 
to make material for such si idy readily accessible in classroom quantity. 

Some or the pamphlets deal with material found in the regular curriculum 
but in a more extensive or intensive manner or from a novel point of view. 
Others deal with topics not usually found at all in the standard curriculum. 
It is hope^d that these pamphlets will find use in classrooms in at least two 
ways. Some of the pamphlets pioduced could be used to extend the work done by 
a class with a regular textbook but others could be used profitably when teachers 
want to experiment with a treatment of a topic different from the treatment in the 
regular text of the class. In all cases, the pamphlets are designed to promote 
the erijoyment of studying mathematics. 

Prepared under the supervision of the Panel on Supplementary Publications of the 
School Mathematics Study Group: 

Professor R, D. Anderson, Department of Mathematics, Louisiana State 
University, Baton Rouge 3, Louisiana 

Mr, Ronald J. Clark, Oiairman, Bt. Paul's School, Concord, New Hampshire 03301 
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Mr* Thomas J. Hill, Mbntclair State College, Upper Itontclair, New Jersey 

Mr, Karl S. Kalman, Room 711D, Office of the Supt. of Schools, Parkway at 
^Ist, Philadelphia 3^, Pennsylvania 19103 
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TEACHERS CCMffiKTARY AND ANSWERS 



SYSTJ2^ OP FIRST DEGREE EQUATIONS IN THREE VABIAELES 
0 Introduction 

Systems of first degree equations arise in many branches of matheajatics 
and science as well as in many modem theories of economics and in business 
probleiafi, particularly those concerned vith inventory and production questions. 
Bie geometrical significance of the subject is emphasized by our presentation 
of the geometry along with the algebra of the problem. 

Vith the current use of computing machines to solve engineering and 
scientific problems, this subject has become one of the most important bran- 
ches of applied mathematics. Every day industrial and research organisations 
must solve systems of first degree equations, some of them with hundreds of 
equations and hundreds of variables. A thorough understanding of the simpler 
cases is therefore a necessity for any one hoping to take almost any kind of 
mathematical Job in industry or scientific research. 

The central problem studied in this chapter is an algebraic one: under 
what circumstances do two or more equations in three variables with real co- 
efficients have common solutions, and if there are common solutions, how many 
are there and how are they related to one another? Because we restrict our 
attention to first degree equations with real coefficients having only three 
variables, we are able to translate the problem into geometric language. 
Ihis translation makes it possible to cast our results in the form of state- 
ments about planes in three dimensional space in such a way that statements 
about common solutions of the equations become statement.i about configurations 
of planes and their intersections. The insights gained in this way are per- 
haps most strikingly illustrated by the diagrams in Figure 9b where the many 
types of intersection and parallelism of planes are used to describe the 
types of solution sets that may be expected when a system of three first de- 
gree equations in three variables is studied* In this presentation, Section 
9 gives cases where there are solutions, and also gives cases where the solu- 
tion set is empty. Although it is not essential that the student understand 
all these cases, sob» students will enjoy the opportunity to see a classifi- 
cation of this kind, I^us, those students who leam to handle the ideas pro- 
s' ^ed in discussing the correspondence between the geometry and algebra of 
these (and other) systemic of equations will benefit from the ability to 
visualise the gecssetry. If they go on to the study of mathematics at ('ollege, 
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they vill find that the Sevelopcient of this ability gives thea'real advan- 
tages. 

Degreer,. of P'reedom 

One of the basic ideas that will throw light on the approach to the pro- 
blems studied in this chapter is the concept of degrees of freedom. An under- 
standing of this concept will improve the teacher's intuition about all the 
problems discussed here. (Fbr a more sophisticated treatment of this question 
and of linear dependence, see Birkhoff -Mae Lane, Suarvey of Modem Algebra, 
p. i66ff.) 

A point in space has 3 coordinates (x,y,z) • It is suid to have 3 
degrees of freedom since each of ths variables may be assigned arbitrary 
valueij. PkQ each of x, y, and z assumes all possible real values, the point 
(x,y,z) assujnes all poocible positions in space* If, however, the values of 
the variables are constrained to satisfy a single equation (here an equation 
of first degree - the equation of a plane), the number of variables that may 
be assigned arbitrary values is i^educed to 2 . The point now has only 2 
degrees of freedon] and is constrained to remain in the plane \rtiose equation is 
given. We say that the number triples in the solution set of the equation can 
be described in terms of 2 parameters. ("Hiis case is treated in the first 
part of Section k, but the word parameter is not used in the text.) 

If 2 first degree equations are given there are 3 possibilities: 
1* In the most interesting case there are points (x,y,z) whose coordinates 
satisfy the 2 equations; the 2 equations impose 2 independent con- 
ditions on the point, and only one variable may be assigned arbitrarily. 
The point (x,y,E) now has only one degree of freedcsa. The number tri- 
ples in the solution set of the system of 2 equations can be described 
in terms of a single pa^rameter. The point is constrained to remain on a 
Une — the line of intersection of the 2 given planes. 

ooct^on 8 develops methods for describing the line of intersection 
in different ways, depending on which variable is assigned arbitrarily 
* (which variable serves as parameter). 

?. In the second case, the 2 equations are inconsistent . They represent 
parallel planes (discussed below and in starred Section 7)^ and no number 

triple can ratir4*y both equations • Here there is no point that is com- 
mon to both planes. 
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3- In the third case the 2 equations represent the same plane , aiid ve have 
actuallj^ only 1 condition on the coordinates of points in this plane. 
Again the number triples in the solution set are described in tenas of 
2 parameters* (This case is also discussed belov auad in Section 7.) 

^ * "^^4^ f^Tf^t degree equation , consistent yith the first two and in" 
dependent of theip . is given, an additional condition is imposed on the number 
triple ix,y,z) • In this case, no variable may be chosen arbitrarily , Ihe 
coordinates (x^y^z) are completely determined, and the point (x,y,z) is 
the single point of intersection of the three planes. Hiis ir, one of the 
casea studied In Section 9 . The cases in vhlch the oystems are dependent 
reduce to one of the two cases studied above: a line of intersection (one 
degree of freedom)— one parameter, or a plane of intersection (two degrees of 
freedom )--tvo parameters. If the system is inconsistent (and this can happen 
in a variety of ways, as illustrated in Figure 9b )i then there is again no 
point that is conunon to the three planes. 

The manipulations that enable us to find the solution set for a system 
of equations are Justified by the fact' that the given system is consistently 
replaced by an equivalent system. The new system is equivalent to the old 
because the new equations are derived by taking linear combinations of the 
expressions defining the given equa ions. Hence the planes defined by the new 
equations pass through the intersection of the given planes; when ve have de- 
scribed the solution set of the new equations, ve have also described the 
solution set of the given equations. 

General Comments : An Oitline of our Procedure -- Suggestions to the Teacher . 

We give here an outline of our procedure in this pamphlet and an Indica- 
tiOHi in certain parts, of teaching techniques that ma^ make the presentation 
easier or of aspects of the problem that are not developed in the pamphlet 
but may be useful for the teacher to knov. 

The Purpose of the H rst Three Sec^ion^ (Sections 1, 2, 3). 

Ihe first three sections are included in order to establish our basic 
geoffletric-algebralc correspondence! namely, the theoresn that the equation of 
a plane is always of first degree, and that a first degree equation always 
represents a plane. There are several points that should be made here; 




I. Comments t The Coordinate Gystem (Section l), 

The coordinate system used is a **rlglit-handed" one. This is an arbi- 
trmxy choice that is made because of the widespread use of this system in 
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physics, vector toalysis, mnd other courses in mathematics and its applica- 
tions* 

What do we su^ by a "right-hand** or a "left-handed** system? 

The dirference between these systems m»y be expressed scane^at pictiires- 
quely perhaps, as follows: In a right-handed coordinate system, a person im- 
paled on the positive Z-axis and looking toward the XY-plane views it Just 
as he always did in plane geoaretry—the positive X-axis positive to the 
^isiit of the positive Y-axis. In a left-handed system our observer on the 
y positive Z-axis, on looking coward y 

the XY-plane sees the positive X- 
axis extending to the left of the 
positive Y-axis. 



The following sketches illustrate a variety of the views an observer may 
have of each type of systOTJ* 



Right 

Handed 

Syttffm 




Lfft 

Honded 

Sytttm 




_WoM_ 



Floor^ 
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Im Sm gn^. 

2# Itoint not plotted. 

k. Boint not plotted. 
See graph. 
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6. Iblnt not plotted. 

7« See grsj^. 

8. Boint not plotted. 

9« See graph. 

10. Fblnt not plotted. 
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IX. (a) On the yz-pltt&e 

(b) On a plant 1 1 to the ys-plazia cuttlofi the x-axis at 2 . 

(c) Ob a plaae | | to the yz-pl»ne cutting the x-axis at -3 . 

12. (a) Gb the xs-pLane 

(b) Gb a plane | { to the xs-plane and cutting the y-axis at 3 . 

13. (a) Qa a plane || to the xy-plane and cutting the z-axis at 2. 
(b) Ob a plane 1 1 to the xyplane and cutting the x-axis at -2 , 

Ih. A plane 1 1 to the z-axls and cutting the x and y-axi0 at h . 



2, CoBBnents . The Distance Fonaula in Space . 

In teaching the distance fonsula in space, many teachers have found that 
a box or other nwdel constructed with pieces of hardware- cloth, window screen, 
or ordinary cardboard is very helpful. Evi:n the comer of a room can be 
aned to assist the stiaJent to visualize this, and other parts of geometry in 
space. The industrial arts teacher can be very helpful in providing large 
drawings for display purposes; and it may be possible to secure film strips 
that will show figures in three dimensions. 



Exercises 2. - AnswerB . 

1. k/2 

2. 13 

3. 7 
k. 5 
5. 12 



6. 29 

7. 3 

8. /l^ 

9. M 

10. 



ERIC 



3- Comments e The Correspondence Betveep Planee q>nd First De^ee Equations 
to Three Variables a 

In proving the theorem establishing the correspondence between planes in 
space and first degree equations in 3 variables (Section 3), ve did not 
have available the custojnary techniques of solid analytic geometry for de- 
riving the equation of a plane, 'niua, instead of viewing the plane as the 
locus of points on lines perpendicular to a given line through a point on 
that line, we have adopted a different definition. We have viewed the plane 
as the locus of points equidistant fr«n two given points. Ihifi definition 
enables us to derive the equation of the plane with no Malytlc machinery 
beyond the distance formula. Since our definition embodies a property that 
characterises a plane ^ the equation we derive represents precisely the plane 



vlth all the properties 8tudi«l in geometry. In particular, a pair of dis- 
tinct plaaea are either parallel or they intersect in a line. 

If the teacher is pressed for tiiae, it is suggested that the proof in 
Section 3 be omitted. The student should then accept without proof the 
theorem that e^•ery plane in three dimensions can be represented by an equa- 
tion of the form 

vdiere A, B, C, D, are real constants, and A, B, C, are not all zeroj and the 
converse theorM, that every equation of this form represents a plane. 



Exerciseb ^. - Answers. 

1. (a) lOx * lOy • 82 - 10 « 0 

(b) 2x - 6y - 122 6 m Q 

(c) -2Qx Uy . 82 • 0 

2. (a) (1^,0,0) , (-2,0,0) . 

Plane has equation 

X - 1 

Plane is parallel to 
YZ-plane and cuts the 
X«-axis at 1 , 

(b) (0,3,0) , (0,-1,0). 
Plane has equation 

y « I 

Plane is parallel to 
XZ-plane and cuts the 
y*axis at 1 . 

(c) (0,0,0) , (1^,2,0). 
Plane has equation 

8x l*y « 20 
or 2x y » 5 

Plane is pa»llel to 
the Z-axts, and cuts 

the X-axis at | 

and. the Y-axis at 5 . 



(d) 4x + Vy - 162 m 32 

(e) 6x + By - 62 » -llf 

(f) i^x - 8y 122 - 0 
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(d) (0,0,0) , (0,5,3)- 
PlAQt has equation 

Ipy + 62 ■ 34 
or 5y + 32 - IX- 
Plasie is parallel to 
tho X*axl8, and cuts 

the 



Y-axis at ^ 




(x ^ a)^ + (y + b)^ + (2 + c)^ 



and the Z-axis at 

17 
3 • 

3. I^t ?(x,y,z) be any point on the plane belonging to the set of points 
equidistant trcm R(a,b,c) ami S(-a,-b,-c) . Since these points are 
eynanetric with respect to the origin, ve would expect the required plame 
to paos through the origin. 

d(R,P) d(S,P) 

(x • a)^ ^ (y . b)^ ^ iz . c)^ 

^Pax - 2by - 2vz ^ + b^ + c^- 2ax ^ 2by ^ 2c2 + + b^ + 
kux -H Uby + kQZ ^ 0 
ax + by + cs 0 

Since (0,0,0) Is a point In the ,Golution set of this equation, the 
plane passes through the origin, 

5, Coaa^nts , The Graph of a First Degree Equation in Three Variables . 

The correspondence between a plane aid a first degree equation is intro- 
duced to throw light on the algebraic problea. Ofee ability to draw the graph 
of an equation will enable the student to gain insight into saaie of the 
special situations that may occur vhen, in the later sf^tions, we study the 
solution sets of systems of two or three equations. In Section k a^id 5 ve 
try to develop this ability to draw graphs, first for the special planes that 
are parallel to an axis but not parallel to a coordinate plane (one variable 
has a zero coefficient, e.g., x ■♦^ y w 4); second for planes parallel to a co- 
ordinate plane (two variables have ztxo coefficients--the equation gives a 
constant value for one cTOrdinate, e.g., x » 3); and last for planes that 
have equations %rith no coefficients equal to zero* In all these cases, we 
consider the trace of the plane in. each of the coordinate planes, (The trace 
la the intersection of the given plane with a coordinate plane,) The trace, 
like every line, is described by two first degree equations, but one of these 
i« the equation of a coordinate plane, i«e** x « 0 or y » 0 or z » 0. 
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SMe Gener^lia^ationg Aboiit Plane s and Their Eguatlons '- Suggestiong for Coa- 
•tructlng Piroblegs > 



We are now in a position to nake certain general observations: 
1. Asxn plane haa infinitely many equations . 

If a given plane is represented by the equation 

Ax+E(y4-C2 + D«0, 
it is also represented by 

k(Ax + By + Cz + D) 0 , 
where k is any non-zero constant. 

The proof of this may be either algebraic or geometric: 

(a) every number triple satisfying either equation satisfies the 
other; or 

(b) the traces of the two planes are identical. 

The converse is also true. Equations in vhich the coefficients are pro - 
portional represent coincident planes . Tor It tvo planes have equations 

AgX + B^y + CgZ > Dg » 0 

B C D 
and -i.^.^^J:.}. 

Bg 

then the first equation is k times the second, and the equations re- 
present the saae plane. 

Ihese results are useful throughout our algebraic study. For 
example, if we have a system of two equations, in vhich one equation is 
a multiple of the other, we know that the second equation contributes 
no information not already given by the first. Thus, a point whose co- 
ordinates satisfy the two equations still has the two degrees of free- 
do© that characterize the point whose coordinates satisfy a single 
equation. This is the third case described under Degrees of tVeedom for 
two equations, 

2. If two planes have equations that can be reduced to the form 
Ax + By Cz * D 

where D ^ F 

Ax By + Cz ■ F 
the planes are parallel , and there i& no common solution. 
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AgAiHi the proof mt^ be algebraic or geos&etric: 

(a) If (^jyqfZQ) is any nuober triple j it cannot satisfy both these 
equations since 

cannot be equal to both D and F if D F ; or 

(b) the traces of the planes are i^urallel lines. 

These tvo cases are siggnarized in the following rule; 

^£ gorresponding coefficients of two first degree equations 
are proportional , then their graidis 

(a) are the same plane if the constant terms have the same 
ratio as the coefficients , 

(b) are parallel planes if their constant terms are not in the 
same ratio as the coefficients » 

This information gives us a way to recognize at a glance tvo equations 
that are inconsistent or dependent. It also gives the teacher the 
ability to make up problems with great ease. He need merely put down 
any left mcsnber of first degree and any constant term for the first 
equation. For the first case, double the first equation, triple it, or 
transpose sc^e terms. For example: 

Start with the equation 3x + 5y * z « 7 . 

Double the equation and transpose the y term 

6x - 22 « 14 - IQy . 

The resulting equation represents the same plane. 
For the second case, copy down the same left number for the equation but 
make its constant term different: 

3x + 5y - z « 12. 

This equation represents a plane parallel to the first. 
A more sophisticated version of this procedure involves doubling, trebl- 
ing, or multiplying the left member by -1 ^ile taking care to do 
something else with the constant. 

Conversely > planes meet in a line if and only if their corres:^ndln^ 
coefficients a re not proportional . 

Again, examples of this sort can be invented in the time it taken to 
write them down; take any first degree equation as the first, and change 
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the coemclMt* for the «ecoad one sooehov, bo that they are not pro- 
poptlonai to the flr«t onea. Havlne accQi«»xiahed this xnuch one is saTe. 
Any constant ten vbataver will do. Nev coefficients not proportional to 
the first ones can be obtained in many ways. For example : keep one of 
the» the same and change sane othar onoj or add one to each of them; or 
change sooe of the signs, but not all, etc. Vc give a collection of such 
equations: 

3x + 5y - E • 7 
3x ♦ 5y + 2 - 7 
- 5y + 2z - 5 , etc. 

The four results stated above may be made the basis of a preliminary 
•xMination of a systea of equations. If we can tell by inspection that two 
of the given equations are inconsistent, we know iimediately that the systen 
has no solution. If we can tell by inspection that one of the given equations 
is dependent on the others, we know that the nuasber of degrees of freedoo Is 
larger than would be in the case if all the equations were independent. 



Exercises k. - Answers , 
i. (a) 



(b) 




« - 2y» 5 




X - 2y ■ 0 



(c) 





II 
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(e) 



2x- z "0 
X 

2, 2x * y ' 6 

A(3,0,0} . Also on the graph ar« 
(3,0,1) , (3,0,2) , (3,0,1*) . 
B(l,l*,0). Also on the graph are 
(l,i*,l) , (1,'*,3) , il,k,k). 
C(2,2,0) . Also on the graph are 
(2,2,1) , (2,2,3) , (2,2,1*) . 
D( 0,6,0). Also on the graph are 
(0,6,1) , (0,6,2) , (0,6,3) . 

3. 





X • -2 
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1. (•) 




X - 2y 4- 1 • 5 





(e) 



2y4-i ■ 5 



4>i ♦ 2 •0-:? 




( ) 



(f) 





5x<f4y - 20 



S» ♦ 4y ■ 20 
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(g) 



(i) 




(h) 



/ f 
1/ 



1/ 




y 5 

* 3i - 2y* 31*0 



(J) 



s-2y - z -0 \\ 

% 



px- 2y«0 





3)1 4y > 0 



7 • Cocpont m 

The gecqwtrlc infonsmtlon presented In Section h ftnd 5 is mirftcient for 
tbe minlMl purposes of the peophlet* Section 7 presents additional geo^tric 
Infomation that vlXX tbrov li^t on the later vork and will t?e of interest 
to those students vho enjoy three-dimensional studies* If tl'.e teacher finds 
tisie to include this material^ and if so»e students find th# graining of 
space figures excessively difficult, it may be helpful if such assignments 
are made to groupa of 2 or 3 students. If Section 7 is csiltted, the 
t^yacher should be sure to teach the smterial presented in Sacamples 2 and ^ of 
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t^he gfctlon , 'Piii l8 covered by the dlscugston giaMurlmed la point (^) 
mbQ\m ^ (Fkge 3.) 

rtoaaetric Reyreseatation of the Line of Intersection or TEVo ^tersecting 
Planes . 

(m) TOie line Intersects all the coordinate planes^ Oftce we have dis- 
posed' of systems of 2 equations in 3 variahlea In which the 
planes are coincident or parallel, m mist imdextAke the sore for* 
midahle prohlem of rei^resenting the lino of intersection of planes 
that do Intersect • Actuallj^ tblg line is repregented bjr the tvo 
equations of the given intersecting glanes s but since ve taiow from 
oiir disciisslon above that the point describing th« line has a single 
degree of freedca, ve seek a representation or the lli» in viiieh the 
three coordinates of the point are described in tenaa of a single 
paramter, Ve seelt to describe the coordinates of any point on the 
line as functions of a single variable- -this te tJie vapii*le to 
which ve can assign arbitrasry values in finding as asu^ points as 
ve want in the solution set* Our manipulation of the given equa- 
tions is aimed at expressing all three variftbXee In tems of one of 
them BO that the variable that is arbitrary is dearly indicated • 
In the non-special case, vhen the line of inteai^ection cuts all 
three coordinate planes, any one of the three variables may be 
chosen arbitrarily, so that there are three dlffcTcat pawmetric 
representations of the line, one in yhldh x is arbitrary i one in 
vhich y is arbitrary, aM one in vhich a is arbitrary • To de- 
rive each of these, ve find the equatiozia of m pair of planes 
through the line, each equation having in it one variable vith a 
zero coefficient. This is achieved by eliminating each variable in 
turn from the given equations, and combining the resulting three 
equations, tvo by tvo. For exaipple, an equatK^is containing only x 
and y (the coefficient of 2 is zero) is co^ined vltb an equa- 
tion containing only x and z • Since x an4 y are in the 
first equation, y can be expressed in teras cf x » Since x and 
z are in the second eqiiation, 2 can be expressed In terms of x • 
In this case, x serves a paraiaeter. (Note that geoe^trically the 
planes corresponding to equations that have a sinfile zero coeffi- 
cient are parallel to an axis, e,g«, Equation (3d) is 
X + 32; + 1 » 0 J this plane is parallel to the y-axls.) 




(b) Thm lixm im perpqndlguXsr to one of the coordinate plangs . If tht 
line we leek to describe i» perpendicular to one of the coordinate 
planea the altiiation la special, fbr exaxiple. If the line la per- 
pendicular to the XY*pIane, the plaz^ that passes thrcmgh It and 
is parallel to the x-axls is also parallel to the XZ-plane. 
Slailarl^Tj the plane that passes through the given line, pazmllel 
to the y*axis, is also parallel to the YZ-plane. Indeed an^ plane 
that pasies thz^ugh 'Oxm given line is parallel to the s*axls, Thvm, 
the c<K»!4inates of a point on the line have a very special paramet- 
ric representation, nan^lyy 

X « a(y and z have zero coefficients) 
y « b(x and % have sero coefficients) 
z is arbitrary. 

l ii fS is parallel to one of the coordinate planes . In a similar 
\m find that if the line ve seek to describe is parallel to 
one coordinate plane, but intersects the other two, the situation 
is special. Here, one variable will be constant, but either of the 
others may be e3q>ressed in terns of the third. OJhis case is dis- 
cussed in Snmple 2 of Section 8. 

The Method of Elimination . 

T!bii Justification for the familiar procedure used in eliminating one 
variable frco the given equations is the theorem that is illustrated for a 
special case in starred Section 10 , This argument is the same as that for 
equations in tw variables. It establishes the fsct that the solution set 
for any given system 

} f 2 • 0 ; 



li the saae aa for « oev system 



f 1 - 0 , 



or for m second systen 

Eq. (2) 1 l3^f^ -f, bgfg . 0 . (bj^ and not both zero) 



16 



The two new systeaifi are thus equivmlent to the given systm. The expressions 
in the left mesjbers of Equations (l) and (2) are linear ccMbinations of 
and f 2 . Equations (l) and (2) represent planes through the line of 

intersection of tlie planes of the given syetero if these intersect; they repre- 
sent planes parallel to the given planes if these are parallel; they represent 
the saoe plane if the original equations did. It is the case for intersecting 
planes that is studied for a special pair of equations in Section 10. (The 
teacher is urged to study this section, even if it is not covered in class, 
to gain sc^e familiarity with these ideas.) 

Exercises 7. - Answers . 

1. X - £^y 52 » 10 

Intercepts: ( 10,0,0) 
(0,^5,0) 
(0,0,2) 

2-1 Rwallel to XY-plane, 



Z 




Y 



ERIC 





18 



4. X ^ y m ^ 

X - y - 7 




Lint of 
intffstetion 



x + y ■ 5 




5. X + y ■ 5 

X ♦ y + I - XO 



Lint of 
Intfrttetion 



x + y ♦ z • 10 
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6. 3y ♦ « • 9 



» ♦ 4y ■ 4 



Lint of 
tnttrtffctlon 




X - z • 0 




Lint of 
inttrstction 



8. ix * y - z » 2 



Suie pl&ne 



SO 



-X •♦• ^ + s « 5 




X 



22 



8, CoBaenta * 

In Section 8 the equations ve obtain represent planes through the line 
of Intersection we seek to describe, Bieref oire, when we use the new equations 
to write in paraaetric form the coordinates of a point on the line of inter- 
section, we have actually described a point on the line of intersection of 
the given planes as well as on the line of intersection of the planes repre* 
sented by the new equations. 



Ibcercises 8. - Answers. 

1. X - 3y - s - 11 
X - 5y + z « 1 

2x - 8y » 12 
2z m -10 
X ^ ^y + 6 
y arbitrary 
2 » y - 5 

Check by substituting in given equations, 

+ 6 - 3y - y + 5 - 11 
^y + 6*5y + y- bil 

2. x + ^- 2»^8, 
X + y + z » 0 . 

y - 22 » 6 

2x + 3y - 8 



X 


-2 


6 


11^ 


22 


y 


-2 


0 


2 


k 


z 


-7 


-5 


-3 


-1 



* 8) 
y arbitrary 
z » "ICy - 8) 
Check by substituting in the given equations. 



8 2 0 



-3y 4- 8 + 1+y - y + 8 » 16 

-3y + 8 + 2y + y 
X + y - z = 

X + * Z = 0 

y + 2z - -5 

2x + 3y « 5 



X - |(-3y + 5) 



y arbitrary 
z 



-2 



-2 



X 


1 

2 


1 


-2 


-5 


y 


0 


1 


3 


5 


2 


- ^ 

1 2 


-3 


-k 


-5 



Check hy substituting in the given equations. 

-3y + 5 ♦ - y - 5 • 0 

k. 2x + l*y - 5s « 7 
4x 8y - 5z - li^ 

2x ♦ i^y « 7 

2 « 0 

y arbitrary 
X • -2y + ^ 

Qieck by substituting in the given equations t 
-Uy ^ 7 + ^y - 5(0) « 7 
-8y ^ U -1^ 8y - 5(0) - Ik 

5. -2x ^ y + 3z * 0 , 

-J^ 2y ^ 62 0 . 

since the second equation is twice the firsts the two planes coincide. 
Thus, there is no line of intersection. 

6. 2x 62 - l8y . 6 

X - 32 • y « -3 
2x - lOy • 0 
6z . 8y - 6 

•\ X = 5y 

y arbitrary 

2 - Y^i^y * 3) 

Check by substituting in the given equations. 
lOy ^ 8y ^ 6 - l8y I 6 
5y - ^y - 3 - y » -3 

7. 3x - Uy ^ Pz 6 
6x - 8y ^ 1^2 = II4 . 

If ve divide both members of the second equation by 2 , we obtain 

3x - Uy + 22 . 7 

We can see by inspection that no number triple can be in the solution 
set of both these equation's. Therefore, the corresponding planes have no 
point in common. The planes are parallel. 



X 


1 ^ 

2 


1 

2 


1 
2 


. 1 

2 


y 


0 


1 


2 


3 


z 


0 


0 


0 


0 



X 1 


-15 


0 


15 


30 


y 


-3 


0 


3 


6 


z [ 


-3 


1 


5 


9 



2k 



•,4 



8. -5x + l*y 4 8z • 0 
-3x + 5y + 152 « 0 
13x + 20z - 0 
13y + 512-0 



SO 



X 


20 


0 


-20 




y 


51 


0 


-51 


-102 


E 


-13 


0 


13 


26 



Check by substituting tn the given equations^ 

9» - 7y ^- 62 - 13 , 
5x + 6y - z « 7 . 

-59y ^ 3^2 « 37 
3^x 29y * 55 

« - ^{-29y + 55) 
y arbitrary 

2 « ^(59y ^ 37) 
10. -lOx + 4y - 5z = 20 

2x - + 2 - 1^ 

If ve multiply both members of equation 2 by -5 , ve obtain 

-lOx -4- 4y - 2 « -20 

We can see by inspection that no number triple can be in the solution 
set of both these equations. Therefore, the corresponding planes have 
no point in coinmon. The planes are parallel. 



X 






k2 








17 


17 




y 


0 


1 


-1 


2 






kB 


-11 




z 


i 


17 


17 





9. CoBBBentB . Appliotlon of the Method of Elimination . 

The seuae idea dominates Section 9. Consider an example studied there. 
We discussed the system (Example l). 

X + ^ - 3z » 9 
2x - y + 22 -8 

-X + 3y - ^2 * 15 



ERIC 



and converted into the equivalent s^stan 

- t?y + 8z ^ -26 
z » -2 

ty repeated application of exactly the same technique used in Section 8: 
selecting two of our equations and playing them off against one another to 
get rid of variables one at a time. Even the final stage of the discussion 
of Sample 1 i's aq instance of the same process. We arrive eventuall^^ at the 
syntetn 

X - -1 

y = 2 
z = -2 

by subtracting appropriate multiples of the last equation frc i the first two, 
eliminating z , and then using the second equation to get y out of the 
first. This leaves us with the last system given above which is equivalent 
to the original sy^jtem. The last systexc is so extraordinarily simple that we 
can read off its solution set Ht a glance* 

A Systematic Method for Studying lliree Equations in Ihree Variables - 

The problem dincussed in Section 9 is the most complicated case we con- 
sider with three variab les--the case in which there are as many equations as 
variables. Figure 9b illustrates the eiglit essentially different conllgura- 
tions funned by three planes In space • These pictures are included only for 
their interest. It is not important at this point that the student understand 
all the details. 

With three planes there are four different types of solution sets (there 
were only three in the case of tvu planes): 

1. Tiie empty set A line 

1\ A single point U. A plane 

The main business of Section 9 Is the presentation of a systematic algebraic 
method for doterroinlng everything there is to know about systems of first 
degree equations: whether there ore any solutions and how to' find all of 
them. This method, "elimination", is applicable to systems having any number 
of equations and any nuiaber ol' variables. It is spelled out in detail only 
for throe equations in three variables, since this case is probably the small- 
est one cofliplirated enough to be of any real interest. Restricting ourselves 
to this case, we give exampleL; to illustrate the application of the method 



not only to the typ« of system in which the solution set consists of a single 
number triple, but also to several types in which the systems are inconsistent 
or dependent. 

TiiiB method (sometimes called trlangulation) is attributed to Gauss 
(1777-1655), the greatest mathematician since Newton. It gives the student 
the basic point of view he will need if he goes on to work in a large compu- 
ting center. Its popularity reflects the fact that it gives an orderly pro- 
cedure for handling systems of linear equations which, for many important 
cases, involves substantially fewer arithmetic operations than other methods. 
Using this method, we have the system essentially solved by the time we dis- 
cover whether or not the solution is unique. 

Relation of Method of Elimination to Cramer's Rule . 

■niose familiar with Cramer's rule (this is discussed in many of the older 
texts on College Algebra; it is usually not included in the never texts) may 
be interested in its relation to the method of Gauss that we have presented. 
Observe first that, if the given equations are 

A^x + B^y + C^z = 



A^x + B 



+ C^2 = D, 



A^x + B^y + Q^z = 

then our "triangulation" method replaces the given system by 

A^x + B^y + C^z = D 



and then Ly 







Vi 




Vi 




y + 




z = 




W 








\h 




y + 




z - 


A3D3 


A^x + B^y 




= D 








^^1 




^"l 




y + 




z * 





ERIC 





































2 « 








A3B3 




A3C3 




V3 




^^3 



Tbe laat equation can be shovn to be equivalent to 











2 » A^ 




A3B3C3 




A3B3D3 



This is one of the equations derived by applying Cramer's rule. But for 
practical computing, the "eliaination" or "triangulation" method has the great 
advantage that the nature of the solution beccaaes clear at this point j if it 
is unique J ve find the solution vith a oinisum of additional c(^utation« The 
mastery of this method should be a principal objective in teaching the mater- 
ial of this paffiphlet. 



Exercises 2* * Ansvers . 

1. (3,^,5)' 

2. (2,3,3) 
3- (2,-1,1) 

The three planes have a line in common* Uie solution set is an infinite 
set of triples corresponding to the points on this line, and described by 
the equation 

X » 32 + 5 
z airbitrary 

5. (1,-1,1) 

6. (1,-1,2) 

7. The three planes coincide. The solution oet is an infinite set of triples 
corresponding to all the points in the plane- 

8. (-l,-2,3) 

9. The system is inconsistent. The solution set is empty* 



10. Tbe three planes Ymw a line in cooson. 'Shm solutioQ set is sa inflaite 
set of t triples correspoxidiQS to the points on this linei axui described 
by the cqiistions, 

X • 2z 

z arbitrary 

U. (1^,6,3) 
12/ (1,2,-1) 

13* The system is inconsistent. The solution set is empty • 
1^. The systi^ is inconsistent. The solution set is empty. 

15. (j,|,l) 

16. The three planes have a line in common. (The second equation represents 
the sanie plane as the first equation.) !Ihe solution set is an infinite 
set of triples corresponding to the points on this line, axid described 
by the equations, 

X « I - y 
y arbitrary 



17. (Ji|,3) 



18* The three planes have a line in common. The solution set is an infinite 
set of triples corresponding to the points on this line, and described by 
the equations, 

X » ^-72 ^ 17) 

y B i{2 - 1) 
z arbitrary 
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19. 

20. The three planes have a line in coimnon. The solution set is an infinite 
set of triples corresponding to the points on this line, and described 
by the equations, 

X « - :i<6z - 5) 

y . ^ i(l6z - 11) 
2 arbitrary 

29 



Si. The three planes have a Une in conaon. The aolution set is an Infinite 
set of triples corresponding to the point* on this line, and described 
by the eqtiations, 

X - |<-z + 2) 

y - i(-52 + 17) 
z arbitrary 

22. Hic three planes have a line in eoMon. 'The solution gpt is, an infinite 
set of triples corresponding to the points on this line, and described 
by the equations, 

X - -7z - 10 
y - -5i£ - 6 
z arbitrary 

23. 



Food 


Vitamin Content 




A 


B C 


I 


1 


3 h 


II 


2 


3 5 


III 


3 


0 3 



Requirements 
IT we buy x unitt of I, y 

9 , 



X + 2y + 32 
3x + 3y 
4;: + 5y + 32 =. 20 j 



11 
of II, 

or 



9 20 

20 of III, we want 

X + 2y + 3z » 11 , 
X + y - 3 , 
+ 5y + 3z « 20 . 



Ellainate x : 

X + 2y + 32 - 11 , 
-y - 32 « -S , 
-3y - 92 - -2k ; 



or 



X + ^ + 3z 
y + 32 
y + 3z 



11 , 

8 , 
8 . 



Answer for (a): No— CXir conditions are dependent, 
for (b): Consider the system, 

X + ^ + 3z = 11 , 
y + 32 8 , 
6x + y + 2 = 10 . 



30 
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EUatloftto x: 



X + ^ + 3z - n , 
y + 32 - 8 , 
lly ♦ 17a • 56 . 
X + 3y + 3z - 11 , 
y + 3z - 8 , 
l6z - 32 . 

aSjus, z-2,y-8-3z-2,x-ll-^-32-l. 

AiMwer for (b): Yes. 1 unit of I and 2 e»ch of II, III. 

-x + 3z - 2 - 0 , 
x + Sy + z-1-0, 
y + Z + U ■ 0 . 

Suppose we apply the standard procedure given in Section 9, if only to 
see what happens. We eliminate x by subtracting appropriate multiples 
of the first equation froa others: 



X + y - 5 

y + 3z - 7 

y ♦ z ■•■ 1* 

y z * k 



0 , 

0 , 

0 , 

0 . 



We have found that, in our original system, the first, third and fourth 
equations are dependent; indeed 

X + y - 5 * l(x + ?y z - 1) - l(y + z + It) . 

These three therefore all meet in a line. Since w vere given the fact 
that the system has only one solution triple, this line must pierce the 
second plane in a single point. Hence any one of the four equations 
except for the second may be omitted, the line being deteimined by any 
pair of the three planes containing it. 

Exercises 10 . - Answers . 

1. (a) a(x + 2) + b(2 - U) - 0 
a « 1 , b - 1 ; 
X + 2 - 2 - 0 

x + z - 2*0 




I • 4 
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3c 




Y 



X 



(a) a(x + S^f - 32) + b(x - y + z - 1) - 0 
Substltutins (1,2,1) for (x,y,s): 
«(1 + 1* - 3) + b{l - 2 + 1 - 1) - 0 
2»-b-0 ; b-2a 

•Bake a - 1 , b - 2 ; 

(x + ay - 3z) + 2{x - y + 2 - 1) - 0 
or 3x - 2 « 2 

(b) - 3z - 2) + b{x + y + z) - 0 
Substituting (3,-l,0) for (x,y,2); 
*(-2 + 0 - 2) + b(3 - 1 + 0) - 0 

-4« + 2b ■ 0 
2a - b 
IWte a - 1 , b - 2 
(2y - 32 - 2) + 2{x + y + z) - 0 
2x + J+y-z-2-0 

(c) a(x + z) + b(2x - y + z-8)«0 
Substituting (0,0,0) for (x,y,z): 
-8b = 0 ; b » 0 . 

The equation is x + z - 0 . 

15;iB shows that the plane represented by the first equation is the 
only plane through the given line of intersection that also passes 
through the origin. 

(d) a(2x - y >+ z - 3) + b(x - 3y + 1*) • 0 
Substituting (2,2,1) for (x,y,z) 
a(U - 2 + 1 - 3) + b(2 - 6 + 1*) - 0 

0-0 

For all values of a and b the plane 
a(2x - y + z - 3) + b(x - 3y + 2+) - 0 
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passes through the point (3,2,1) . BjIb is because the givea point 
lies on the line of intersection of the given planes . 
•3. Since the sec«»id equation can be witten 

3(2x - y ♦ 3z) - 5 

it is clear that any triple in the solution set of the first equation 
(and therefore reducing the parenthesis to 1 ) will not be in the 
solution set of the second equation. Similarly, for any triple in the 
solution set of the second equation. Bius, the planes have no point in 
cQBBBon &nd are parallel. 

•Hie equation (lOe) 

a(at - y + 3z - 1) + b(6x - 3y + 92 - 5) = 0 
can be written 

(a + 3b}(2x - y + 3z) + (-a - 5b) -= 0 
If this plane passes through a point on the first plane, we know that 

2X - y + 3z - 1 

Iherefore a+3b-a-5b»0 

- 2b » 0 
b . 0 

Ihus, any plane reprcBcnted by (lOe) that passes through a point in the 
first plane must coincide with the first plane. Similarly, if a plane 
representee, by (lOe) pasoes through a point of the second plane, we 
have 

(a + 3b)(|) + (-a - 5b) - 0 

2a - 0 
a - 0 

Therefore, the plane coincides with the second plane. 

We conclude that if a, ^ 0 and b ^ 0 , any plane represented by 
(iOe) has no point in conanon with either of the given planes. It is 
therefore parallel to these planes. 
^ k. a(x + y - 3) ♦ b{z - 4) - 0 

Substituting (1,-1,1) for (x,y,2) 



a 



(-3) + hi-3) " 0 J a - -b . 
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(3.0,4) 



(0.3,4) 

Linf of 
Intfrstcfion 



OSito • • 1 , b » -X 

The trace of this plmne in 
the XZ^plaoe ia x-g+i«o. 
Thin line Intersects the XZ- 
trace of 

X + y - 3 « 0 
vhich Ifi 

X ' 3 • 0 • 

Rie point of intersection is 
{3,0,4), Similarly, the trace 
of the plane, x + y . z + l « o, in the YZ-plane intersects the trace 
of X + y ^ 3 0 in the YZ-plane in the point (0,3,4) . These 
pointii are both in the plane z » 4 . Thus, the line Joining these 2 
points is the line of intersection of the three planes. 




»+y-i+l«0 



Exercises 11 > Miscellaneous Exercises * Answers > 

1. rie number is 36U , 

2. 3x + 4y + 52 a , 
4x > 5y + 6z « b , 
5x 6y -t- 72 c • 

Eliminate x: 3x 4y + 52 « a , 

y E = 4a - 3b , 
^ > 2z = 5a - 3c . 
Condition: 5a - 3c « 2(4a • 3b) 
or a c « 21) 
3- TJie number is 456 or ^4 , 
4. ^00, ^1300, $2200. 



5. a = 7 ; the line is given by 



6. 5 cu. yds,, 6 cu. yds., 8 cu. yds. 

7. 12 dimes, 8 nickels, 20 pennies. 
8» 75 units, 80 nnits, 50 units. 

9. 12 days, 8 days, 6 days. 

10. 8 hours, 4 hours, 8 hours. 
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U. AS ■ AR ■ 1*1 ; BS - HP • 5^ ; CT « CR - 

12. y » -x^ ♦ 2x ♦ 1* 

13. y - ♦ 2x - 1 

IV, l60 el«aent»ry ichool pupiU 
80 scbool pupils 

60 adult* 

15. K - -8; A - 50, B - 0 

16. Rewrite the given equation 

ma 

v^Ct - A) + WgCQ - A) + w^(E - A) « 0. 
Uging the table of scores ve construct the following table; 





T - A 


Q - A 


£ > A 


fVank 


-4 


-if 


k 


Jpyce 


-2 


18 


-6 


Eunice 


3 


-17 


5 



froBs v^ch we write our system 



w. + w- - w, - 0 , 



1 '2 "3 
^\ - I7wg + Sw^ - 0 . 



«1 - 9v ♦ 3w - 0 , 



Elijoinate x: 



+ Wg - w^ « 0 , 
-lOWg ♦ - 0 , 
-20Vg + Sw^ - 0 . 
Bsch of the last two eqi»tions reduces to 

- 2W3 - 0. 

{ Equivalent ly, w^^j w^: w^ - 3:2:5) 
For w^ + Vg + w^ - 1 , we can write 

|w3 * * W3 . 1 
or IOW3 « 5 BO W3 - 0.5 , Wg - 0.2 , w^ - 0,3 
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17* Let A m maiabttr of air sail stamps purchased 
f ■ nuzaber of k- cent stamps purchased 
8 « mmber of one cent stamps purchased 

,07a .Ol^f 4 ,01s - 10 
a • 2f 

observe that there are only 2 eqiwitlons in 3 unknowns. However, s 
must be an integer less than l8 (the price of one k cent stamp and 
2 air mail staaps) since only the change is spent for 1 cent stamps. 
Substituting a 2f in 

7a + 4f + a = 1000 
we have l8f + s = lOOO 

s - 1000 - l8f 

f = 55 is the largest integral value that leaves s positive. There- 
fore 

f «= 55 ^ s = 10 , a = 110, 

Note that the problem can be solved simply by observing that we are to 
buy the largest number possible of l8 cent units consisting of 2 air 
mail and 1 four cent stamp), and spend the change on 1 cent stamps. 
l8. Actual score is 8l . Reported score is 63. Par is 60 • 
^19' If A, B, C, D are the coefficients of our desired plane, 

Ax + By + C2-*-D^0, 

we obtain three equations for the four "unknowns" A, B, C, D ly de- 
manding that the coordinates of the three given points shall satisfy 
^ this equation: 

A * (-1) + D = 0 , 
A • 1 + B . (-1) + D = 0 , 
A • (-1) + B'3'^C*2+D-0; 
or -A + D = 0 , 

A - B + D = 0 , 
-A + SB+aC-fD^ 0. 

ELiainating A from the second and third: 

-A -f D - 0 , 
+ 2D « 0 , 

3B 4- 2C = 0 . 
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ELiainating B from the third: 

-A + D « 0 , 
-B + 2D - 0 , 
2C + 6D - 0 . 
Hence A-D,B»2D,C - -3D, 

on answer being x+^-3z+l*0 (D«l). 
Since any other choice of D will give an equation with coefficient, 
proportional to these, only one plane is determined. 
20. A. (a) Ag + (b) HN 0^ — ♦ (c) Ag NO^ + ((?^ m + (e) H^O 

Ag:a - c; H:b » 2ej N:b = c + d; 0:3b « jc + d + e 
3A6 + kmo^ — ^ 3AgS0^ + NO + 2KgO 

B. (a) AuCl^ ♦ (b) KI — ^ (c) AuCl + (d) KCl + (e) 

Au:a = c; CI:3a * c + dj K:b d; I:b « 2e 
AuCl- + 2KI — » AuCl + 2KC1 + 

C. (a) KNO^ + (b) HI — (c) NO + (d) + (e) H^O 

H:a + b 2e; N:a = c; 0:3a = c + e; I:b » 2d 
^HNO^ + 6HI — *• 2N0 + ^^2° 

D. (a) + (b) Hd — »• (c) MnCl^ + (d) Cl^ + (e) H^O 

Mn:a = c; 0:2a = ej H:b = 2e; Clrb = 2c + 2d 
MnO^ + 4HC1 MnCl^ + Cl^ + 211^0 

E. (a) Cr(OH)^ + (b) NaOH + (c) H^O^— ^ (d) NagCrOj^ + (e) H^O 

Cr:a = d; 0;3a + b + 2c = l*d + ej H:3a + b + 2c = 2ej 
Na:b = 2d 

2Cr(0H)^ + i^NaOH + SHgO^—* SNa^CrO^ + SH^O 
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Illustrative Test Questions 



I: Multiple Choice, 

Directions: Select the response which best coanpletes the statement 
or ansvers the question. 

!• The ijet of points in space equidistant fro© two given points is 

(a) a cylinder. 

(b) a plane. 

(c) a straight line. 

id) the niicipoint of the line segment which Joins the two points, 
(e) two parallel straight lines. 

2. ^he point whose coordinates are (4^0,^) is 

(a) A. ^ 

(b) B. 
(e) C. 

(d) D. 

(e) E. 



i 


\ 










/ 
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Wiich ol" the rollowing is an ordered triple of real numbers that corres- 
ponds to a point in the xz -plane? 

(a) (0,2,0). (d) (2,3,2). 

(b) (0,3,-2). (e) (-2,0,3). 

(c) {'i,2,0). 

The distance between the pointc (2,3,4) and (4,3,2) is 

(a) 0. (d) 8. 

(b) h. (e) 3/2. 

(c) 2/2. 



Which one ol' the following points is 

(a) (-4,3,0), (d) 

(b) {1,2,0). (e) 
(0) (/2,l,/2). 



5 units from the origin? 
(>^,/3,0). 
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The equation ax + by+cz+d-O, where a, c, d are real con- 
stants, represents a plane if and onl^ if 

(a) all four constants are different from zero, 

(b) d ^ 0 

(c) a, b, c are all different from zero. 

(d) at least one of the confitants a, b, c, is different from zero, 
{e) at least one of the constants a, b, c, d, is different from zero, 

Which of the following stat^ents about the plane vhose equation is 
x^y + 2«0 is not true? 

(a) It is the perpendicular bisector of the line se^nent Joining, 
(1,1.1) and (•i,-l,.l). 

(b) It passes through the origin. 

(c) It contains the point (0,l,-l). 

id) It intersects the xy-plane in the line x + y = 0. 

(e) It intersects Uie z-axis in the point (l,-l,0)... 

The set of points in space defined by the equation y » 5 is 

(a) a plane parallel to the y-axis. 

(b) a plane perpendicular to the y-oxis. 

(c) a plane containing the y-axis. 
id) a line intersecting the y-axis, 
(e) a point on the y-axis. 

What is the equation of the plane whose graph is sketched at the right? 

(a) X + y = 3. 

(b) X + y - 2 = 3. 

(c) -x - y 4 2 = 3. 

(d) X - y 4 z = 3, 

(e) X - y - 2 3. 




X 

Which one of the following points lies in the plane whose equation is 
X ^ 6? 

(a) (0,-3,9). id) (0,3,^6), 

^t>) (2,2,7). (e) (12,-3,6). 

(c) (0,6,0), 
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11. Ifee solution set of tiie equation px + qy + rz ■ 0 contains the elesent 

(a) (p,q,-r). (d) (0,r,q). 

(b) (r,-p,q). <e) (r,0,-P). 

(c) (0,0,r). 

12. Which of the following number triples is in the solution set of the 

I X - 2^ + z ' k 
systsn j 2 = 2 ^ 

I. (2,0,2). 
II. (0,-2,0). 
III. ik,l,2). 

(a) I. only (d) I. and III. only 

(b) II. only (e) I., II. a»<! Ill 

(c) III. only 

13. Hov many number triples are in the solution set of three equations vhich 
represent three coincident planes? 

(a) 0 (d) 3 

(b) I (e) Infinitely oiany 

(c) 2 

Ik. The trace of the graph of the equation x-2y+z*5 in the xy-plane 
is 

(a) + z = 5- (d) X - 2y = 0. 

(b) X - ^ - 5. (e) X + 2 = 0. 

(c) X + z = 5. 

15 . The trace of the graj^ of the equation ax + by + cz - d in the xz-plane 
is given by 

(a) by - d. (d) X + z = ' 

/ ax + by + cz - d ^^^^ ^j^g ^^Q^g^ 

I y = 0 

(c ) ax + cz = 0. 

16. Which of the following represents a straight line in a three-dimensional 
coordinate systeui? 



(a) i ^ = ' ^ 



22+3 (c) 



y 



x + y = 6 



X = 0 

y = 0 
z - 0 



lx+y=7 (d)x=y 

(e) X = 3 




ho 



In each of the following systems the three equations represent three 
planes. In which aystea do the three planes intersect in a line? 



(a) 
(b) 
(c) 



z s 0 
y " 0 
2 + y 



X = 

y - 
2x 



2 

k 



id) 
(e) 



X - ^ ■ 0 

X ' 2y * k 

2=5 

X + y + z « 

2x + ^ + 22 » 8 

3x + 3y + 3z - 12 



X « 0 
y - 0 

2-0 



Which statement is true of the solution set of the following syst«n of 
equations? 

3x - y + 22 « 6 
6x - ^ + = 7 

(a) l^e solution set has an infinite number of elements. 

(b) The graph of the solution set is a straight line. 

(c) The solution set is empty. 

(d) The solution set contains exactly one element - 
{e) None of the above statements is true. 

Which one of the folloving systems of equations represents a pair of 
parallel planes? 



(a) 

(b) 
(c) 



i 2x + 



2x + 3y + I4.Z = 0 

2y + 3z = 0 

2x ^ 3y - = 1 

2x + 3y ^ ^ 1 



(d) 
(e) 



2x + 3y 
kx + 6y 



hz 2 
82 = 2 



{ 



X = k 



2x 
2x 



3y 
6y 



kz = } 
8z » 6 



The solution set of the system 



X + y + 2 = 2 
3x - 3y + 3z = 9 
X + y - 2 = 6 



(a) is empty. 

(b) contains a single nimiber triple, 

(c) contains an infinite set of number triples which correspond to 
points of a straight line. 

(d) contains an infinite set of number triples which correspond to 
points of a plane, 

(e) contains exactly three number triples. 



1*1 



21. VhBt is the solution set of the following systesi? 



X + y + s « If 
X + y « 2 
y « -3 




(-1,3,2). 
(1,-3,6), 
(5,-3,2). 



(d) {5,-3,-if)- 

(e) (-5,-3,12). 



Itot II: 



ProbleniB • 



22* If the X, y, and z axes are 
chosen as shown in the figure, 
vhat triple of real numbers 
(x,y,2) are the coordinates 




X 



of P ? 



P 



23. Find the distance between the 
points (3,^,2) and (-3,^,0). 



2h, Find an equation for the locus / 
of points equidistant from the y 
points (2,1^,-1) and (0,5,6). 

25. KSake a free-hand drawing of the graphs of the following equations in a 
three-dimensional coordinate system. 

(a) x + y = 2 . (b) 3x + y + 22 ^ 6. 

26. If the planes whose equations are given in the following system inter- 
sect in a line, express two of the variables of the solution set in 
terms of the third variable. If the planes do not intersect in a line, 
describe their position with respect to each other. 

i X'f3y-22 = 6 
lx-2y + 2=if 

27. Find the solution set of the following system of equations. 



28. Find a three-digit number such that the sum of the digits is 19; the 
sum of the himdreds digit and the units digit is one mere than the tens 
digit, and the hundreds digit is four more than the units digit • 



2x - 4y + 32 = 17 
X + ^ - 2 = 0 
4x - y - 2 » 6 



h2 4 7 



29. Three tractors. A, B, and C, working together can plow a field in 8 
days. Tractors A anri B can do the work in ih days. Tractor A 
can plow the entire field in half the time that it takes Tractor C . 
Write a syst«n of equations vhich could be solved to find the number of 
days it would take each tractor to do the work alone. 

(You need not solve the system). 

30. Give the coordinates of the point which is symmetric to the point 
(1,-2,3) with respect to 

(a) the origin. (e) the yz-plane. 

(b) the X-axis. (f) the zx-plane. 

(c) tne y-axis. (g) the xy-plane. 

(d) the z-axis. 



Answers to Illustrative Test Questions 



Bart I. Itiltiple Choice: 



1. 

2. 



B 
C 



3. E 



5. 
6. 



A 



7. E 

8. B 

9. B 

10. A 

11. E 



12. 
13. 



D 
E 



14. B 

15. B 

16. A 

17. B 

18. C 

19. D 

20. B 

21. C 



Rart II, Problems: 

22. {i,h,.2) 

23. 2vT0 

2k. 2x - y - 72 + 15 

2^. (a) I 



ERIC 



= 0 




(b) 




4P 



26. z 4 2l» 

\ y ' <^ ^ 

27. (3,li5) 

28. 793 

{ I"" B * C 

11 1 
A B iC 

1 S 
A " C 

30. (a) (-1,2,-3) 

(b) (1,2,-3) 

(c) (-1,-2,-3) 

(d) (-1,2,3) 



Or 



or 



y 

z 



3x - lit 
5x - 22* 

3 

5y - g 
3 



(e) (-1,-2,3) 

(f) (1,2,3) 
(fi) (1,-2,-3) 



.ERIC 



4r* 



